Abstract-In this letter, the convolutional perfectly matched layer (CPML) is modified and implemented for one-step leapfrog weakly conditionally stable finite-difference time-domain (WCS-FDTD) method. Since the WCS-FDTD method can be considered as an approximate factorization of the Crank-Nicolson scheme, the derived equations of CPML involve the calculation of auxiliary terms at two time steps which are different from that of conventional FDTD CPML method. To verify the effectiveness of proposed CPML, numerical investigation is performed and it is shown that, even with large Courant-Friedrich-Levy number (CFLN) chosen, the reflection error is still small and the electromagnetic field is stable.
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I. INTRODUCTION
T HE time step of conventional finite-difference time-domain (FDTD) method is limited by the Courant-FriedrichLevy (CFL) stability condition [1] . To overcome this limitation, alternately-direction-implicit FDTD (ADI-FDTD) method has been proposed in [2] where single step calculation is divided into two sub-step calculations. Further, one-step leapfrog ADI-FDTD method has been proposed from the ADI-FDTD where no mid time-step calculation is needed [3] , [4] . However, the numerical dispersion of leapfrog ADI-FDTD is larger than that of conventional FDTD [5] . To improve the computational accuracy, one weakly conditionally stable FDTD (WCS-FDTD) method has been developed where the time step size is only restricted by space step in one dimension [6] . On the other hand, it should be indicated that the numerical dispersion of WCS-FDTD is larger than that of conventional FDTD but smaller than that of the leapfrog ADI-FDTD [6] . Therefore, WCS-FDTD is more efficient and accurate than leapfrog ADI-FDTD for simulating fine structures in two dimensions. In order to further improve its computational efficiency of WCS-FDTD method, one leapfrog WCS-FDTD scheme has been presented recently [7] , where mid-time calculation is also reduced but with the same numerical dispersion. Obviously, to apply the leapfrog WCS-FDTD method to solve any EM problem in an open domain, we do need one absorbing boundary condition (ABC) for its implementation, and that is the main motivation behind this study. Here, the convolutional perfectly matched layer (CPML) given in [8] is modified and introduced into the leapfrog WCS-FDTD effectively, and its description is demonstrated in detail as follows.
II. THE FORMULATIONS
In an isotropic medium, the modified Maxwell's equations for CPML can be written in a concise form [8] (1) where and are two auxiliary terms, , and is the space derivative operator matrix in the CPML.
By applying the Crank-Nicolson scheme to (1) at time step , we have
Further, by introducing a perturbation , (2) can be approximated by the following factorization:
In order to obtain the CPML equations for the leapfrog WCS-FDTD, (3) should be split into two sub-steps as follows.
At first, we apply the implicit scheme to both -and -directions but not in the -direction, following the method proposed in [7] , and can be written as where here ( or ) are real numbers in the CPML [8] .
Secondly, the term on the right hand side of (3) can be approximated as (5) Therefore, substituting (5) into (3) and ignoring the secondorder terms of , (3) can be solved in two sub-steps, i.e. 
and at sub-step #2, we have
where and . Equations (7) and (8) are the CPML for two-step WCS-FDTD. To obtain a leapfrog scheme, we reduce some intermediate terms by using the algebraic operations proposed in [3] and [7] as follows.
According to (7b), we have (9) Substituting (9) into (7a), we obtain (10) Substituting with in (8a) and (8b), we further obtain
From (11b), we get (12) Substituting (12) into (11a), we have (13) Adding (10) and (13) on their both sides, we obtain the leapfrog WCS-FDTD CPML iterative equation for the -field as
Similarly, substituting first (8a) then (7a) and (7b) into (8b), we get the iterative equation for -field as (15) Both (14) and (15) are the proposed leapfrog WCS-FDTD equations for CPML implementation in which the calculations of auxiliary terms at two time steps are involved.
For clarity, the -, -, and -component of (14) are given as 
III. NUMERICAL RESULTS AND DISCUSSION
To verify the validity of the proposed CPML for terminating the one-step leapfrog WCS-FDTD grid, the fields generated by an electric point current source in the 3-D free space is simulated, which is described by where is the value calculated with the large reference domain. Fig. 1 shows the relative reflection errors of the CPML versus time for , and 7, respectively. It is seen that the proposed one-step leapfrog WCS-FDTD CPML can absorb propagating electromagnetic waves efficiently, but the relative reflection errors increase with CFLN. For example, the maximum relative reflection error for is dB and it is dB for . To check the stability of the algorithm, when , we increase the number of iteration to as large as . The recorded -component at the observation point (the same location as that in Fig. 1 ) is shown in Fig. 2 . It is seen that the recorded -component remains finite. Further, exhaustive simulations with different parameters chosen and for different values of CFLN are also performed, it is found that the recorded -component always remain finite. Therefore, the stability of the proposed method is verified numerically.
IV. CONCLUSION
In this letter, we have demonstrated the implementation of CPML for one-step leapfrog WCS-FDTD method in a concise form. It mainly involves the calculation of auxiliary terms at two time steps. Its derivation process is in a generalized way which can be extended for developing CPML absorbing conditions for the other one-step leapfrog FDTD methods.
